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l 10 Chapter 1 Vectors 

Theorem 1.1 

The word theorem is derived from 
the Greek word theorema, which 
in turn comes from a word mean­
ing "to look at:' Thus, a theorem 
is based on the insights we have 
when we look at examples and 
extract from them properties that 
we try to prove hold in general. 
Similarly, when we understand 
something in mathematics-the 
proof of a theorem, for example­
we often say, "I see:• 

Floore 1.18 

Algebraic Properties of Vectors in !Rn 

Let u, v, and w be vectors in Ill" and let c and d be scalars. Then 

a. U + V = V + U
b. (u + v) + w = u + (v + w)

C. U + 0 = U 

Commutativity 

Associativity 

d. u + (-u) = 0

e. c(u + v) = cu+ cv Distributivity 

Distributivity f. ( c  + d)u =cu+ du

g. c(du) = (cd)u

h. lu = u

Remarks 

• Properties (c) and (d) together with the commutativity property (a) imply
that O + u = u and -u + u = 0 as well. 

• If we read the distributivity properties ( e) and (f) from right to left, they say
that we can factor a common scalar or a common vector from a sum. 

Proof We prove properties (a) and (b) and leave the proofs of the remain­
ing properties as exercises. Let u = [ul> u2, ••• , u11

], v = [v1 , v2, ••• , v11], and w = 
[w1 , w2, ..• , w,J 

(a) u+v = [u1,u2, ••• ,unl + [v1,V2,, .• ,v11]

= [u1 + v1 , u2 + v2, .•• , u11 + v11] 

= [ V1 + U1, V2 + U2, . • .  , V11 + U11]

= [v1, v2, ••• , v,,] + [u1 , u2, ••• , u11] 

=v+u 

The second and fourth equalities are by the definition of vector addition, and the 
third equality is by the commutativity of addition of real numbers. 

(b) Figure 1.18 illustrates associativity in IR2
• Algebraically, we have

[u1,u2, • • •  ,u11 ] + [v1 + w1,v2 + w2, • • •  ,v,, + w,,)

[u1,u2, . . .  ,u.] + ([v1,v2, . . .  ,v,,] + [w1 ,w2, . . .  ,w,,))

= u + (v + w)

The fourth equality is by the associativity of addition of real numbers. Note the care­
ful use of parentheses. 




